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Abstract
The paper presents a ﬁnite element method for the direct numerical simulation of 3D incompressible ﬂuid ﬂows with
suspended rigid particles. It uses the ﬁctitious domain approach extending the ﬂuid domain into the domain occupied
by the particles. Although the idea for the present formulation came from the ﬁctitious domain formulation of Glowinski et al. [J. Comput. Phys. 169 (2001) 363] it ﬁnally yielded a new scheme which allows for a more eﬃcient integration of the system of equations and which is easier to implement algorithmically. It also avoids the need to grid the
rigid particles and solves the entire problem on a single Eulerian grid. The spatial discretization is performed with
P2  P1 ﬁnite elements but any other stable pair of approximations can be used. The present scheme is compared to a
second order scheme based on the approach in Glowinski et al. [loc. cit.] using the test case of a single sphere in a
viscous liquid. Its accuracy/costs performance is excellent.
Ó 2003 Elsevier B.V. All rights reserved.
AMS: 65N35; 65N22; 65F05; 35J05
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1. Introduction
The mathematical description of multiphase ﬂows, similarly to the mathematical description of turbulence, is still a signiﬁcant challenge for the mathematicians and engineers working in this area. The models
based on the interpenetrating continua hypothesis suﬀer of similar closure problems as the Reynoldsaveraged turbulence models. Therefore, in the recent years some eﬀorts were concentrated on the direct
simulation of multiphase ﬂows which would allow, again similarly to the turbulence case, for a more accurate solution of the closure problems. This is a very demanding computational task which requires the
development of new discretization techniques and computer implementations.
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Generally speaking, there are two main classes of methods for direct simulations of multiphase ﬂows.
The ﬁrst type are methods which discretize the Navier–Stokes equations on a ﬁxed, Eulerian grid and move
the particles in this grid. Probably the most prominent work in this direction (in the case of ﬂows with
distributed rigid particles) was done by a group of researchers from the Universities of Houston and
Minnesota (see [1,2] and the references therein). In the case of distributed ﬂuid particles, a similar approach
was introduced by Tryggvason and collaborators (see [3]). The second type of methods uses moving grids
and usually requires remeshing and re-interpolation. Examples of such techniques are the one developed by
Hu [4] and Johnson and Tezduyar [5]. It is hard to judge and compare the merits of these two approaches.
In our view, the ﬁrst approach is more attractive because it allows for the use of structured grids which are
much more preferable in view of the parallelization of the algorithm. Moreover, it completely avoids the
need of a mesh generation in very complex domains which is also a challenging algorithmic problem.
Therefore, in a preliminary study we used the ﬁctitious domain approach of [2] to develop a formally
second order (in space and time) ﬁnite element scheme (see [6]). Then we modiﬁed it, in an attempt to make
it more eﬃcient and as a result we devised a new scheme, still based on the ﬁctitious domains idea. The
numerical experiments showed a very satisfactory performance of this scheme. Its key novelty is that it
approximates both, the ﬂuid velocity ﬁeld and the Lagrange multiplier for imposition of the rigid body
motion on the same ﬁxed Eulerian grid. This allowed us to avoid the gridding of the rigid particles.
Moreover, using a properly weighted H1 norm for the imposition of the rigid body motion, we were able to
reduce the work for computing the ﬂuid/rigid particles velocities and enhance the stability of the algorithm
(this was veriﬁed only experimentally). The derivation of this scheme and its assessment is a subject of the
rest of this paper.
In Section 2, we discuss the ﬁctitious domain approach and the Distributed Lagrange Multipliers (DLM)
method of Glowinski et al. [2], and derive the starting formulation for the present scheme. There we also
describe the splitting algorithm and the ﬁnite element discretization with P2  P1 elements. In Section 3, we
compare the results of the simulation of a rigid sphere falling in a viscous liquid with available experimental
data and results obtained with the scheme described in [6]. In addition, two other simulations are presented
there: a spherical particle in a rotating cylinder and two spherical particles settling under gravity and interacting with each other (drafting, kissing and tumbling). Finally, the conclusions are summarized in
Section 4.

2. A ﬁctitious domains formulation using a global Lagrange multiplier
2.1. Governing equations
We consider a bounded domain X1 with an external boundary C ﬁlled with a Newtonian liquid
Sn of density
q1 and viscosity l1 . Within this liquid we consider n rigid particles occupying a domain X2 ¼ i¼1 X2;i and
having densities q2;i ; i ¼ 1; . . . ; n. Let us also denote the interface between X1 and X2 by R and the entire
domain ﬁlled with the ﬂuid and the particles by X ¼ X1 [ X2 . The equations of motion of the ﬂuid in X1 are
the Navier–Stokes equations (presented here in a dimensionless, stress-divergence form)
q1

D^
u1
^1 ;
¼rr
Dt

r^
u1 ¼ 0

in X1 ;

ð1Þ

^1 is the
where ^
u1 is the velocity, D=Dt denotes the full derivative in time (including the advection terms), r
^1 is deﬁned as usual as r
^1 ¼ p^1 d þ 2l1 D½^u1  with p^1 being
stress tensor and q1 is the ﬂuid density. r
T
the pressure in the liquid phase, D½^
u1  ¼ 0:5½r^
u1 þ ðr^u1 Þ  being the rate-of-strain tensor and d being the
Kronecker tensor. The boundary conditions on C are not of a concern for the present method and therefore
we assume the simplest case of homogeneous Dirichlet conditions. On the internal boundary of X1 , R, we
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presume a no-slip condition for the velocity. The problem requires an initial condition for the velocity
which we presume to be in the form ^
u1 ðx; 0Þ ¼ u0 , r  u0 ¼ 0. The equations of motion of a rigid particle
are usually written in terms of the velocity of its centroid Ui and its angular velocity xi , i ¼ 1; . . . ; n. They
read
Mi

Ii

dUi
¼ Mi g þ Fi ;
dt

ð2Þ

dxi
þ xi  Ii xi ¼ Ti ;
dt

ð3Þ

where Mi is the particle mass, g is the gravity acceleration, Fi is the total hydrodynamic force acting on it, Ii
is its tensor of inertia, and Ti is the hydrodynamic torque about its center of mass.
2.2. Fictitious domain approach and the DLM method
Before the presentation of the new technique, we would like to brieﬂy review the ﬁctitious domain
approach and its implementation in the DLM method of Glowinski et al. [2]. The ﬁctitious domain approach extends the ﬂuid equations of motion into the domain occupied by the particles, X2 , and imposes the
rigid body motion described by Eqs. (2) and (3) onto the restriction of the so extended velocity ﬁeld. The
DLM method enforces this constraint by introducing localized (distributed within each particle) Lagrange
multipliers fi , and relaxing the constraint by means of a weak formulation. After an extensive manipulation
of the governing equations of both, the liquid and the particle phases,
R the following combined variational
principle is derived in [2]: 1 Find u 2 H10 ðXÞ; p 2 L20 ðXÞ ¼ fq 2 L2 ðXÞ j X q dx ¼ 0g; f 2 H1 ðX2 Þ; U 2 R3 , and
x 2 R3 that satisfy:
 Z


 

Z
Du
dU
dx
 n þ r : D½v dx
q1
 g  v dx þ ð1  q1 =q2 Þ M
g VþI
Dt
dt
dt
X
X
¼ hf; v  ðV þ n  rÞiX2
Z

8v 2 H10 ðXÞ; V 2 R3 ; n 2 R3 ;

qr  u dx ¼ 0 8q 2 L2 ðXÞ;

ð4Þ
ð5Þ

X

hg; u  ðU þ x  rÞiX2 ¼ 0
u jt¼0 ¼ u0 ;

U jt¼0 ¼ U0 ;

8g 2 H1 ðX2 Þ;
x jt¼0 ¼ x0 :

ð6Þ
ð7Þ

Here v, V and n are properly chosen test functions for the ﬂuid velocity, particle velocity and the
particle angular velocity equations, r ¼ x  X with X being the coordinate vector of the centroid of the
particle, and r is a properly extended to X2 stress tensor. The ﬂuid velocity is discretized on a ﬁxed
(Eulerian) grid that covers the entire domain X and the Lagrange multiplier f is discretized on a
separate grid that covers the particle. The combined equations (4)–(7) are discretized in time and split
into the following substeps:

1

In [2], the combined equation is derived for the case of one particle only (Mi ¼ M, q2;i ¼ q2 , Ui ¼ U, x ¼ xi , f ¼ fi ), but its
generalization for the multiparticle case is straightforward.
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2.2.1. Incompressibility constraint
At this substep, a ﬂuid velocity ﬁeld and pressure, based on the Eulerian grid, are computed so that the
velocity is divergence free (see [2, Eqs. (45) and (46)]). This is in fact a Darcy problem which is resolved in
[2] by means of an Uzawa/conjugate-gradient preconditioned iteration.
2.2.2. Advection–diﬀusion
At this substep, the incompressible ﬂuid velocity is further advected and diﬀused (see [2, Eq. (47)]).
Further, the particle velocity and the position of its centroid are predicted [2, Eqs. (48) and (49)].
The ﬁrst two substeps constitute a splitting algorithm for the Navier–Stokes equations which is very
similar to the so-called velocity-correction projection. The only diﬀerence is that in this algorithm, the
incompressibility constraint is strictly enforced via Uzawa iteration while the velocity-correction projection
method does only one step of this iteration using the same preconditioner (a homogeneous Neumann
boundary value problem for the pressure Poisson equation). Since it has been proved that the velocitycorrection method achieves optimal error in time for the velocity (see [7]) there is no need for additional
iterations in the ﬁrst substep since in the second substep the incompressibility of the ﬂuid velocity is destroyed anyway. It is further inﬂuenced in the next substep which enforces the rigid body motion.
Therefore, in [6], in the ﬁrst two substeps we used a second order pressure-correction projection method
combined with the method of characteristics.
2.2.3. Rigid body constraint
This is the substep that enforces the side constraint, Eq. (6). It is done in a typical for such constraints
inner/outer iteration loop. The correction to the ﬂuid velocity u is computed in the outer loop and then used
to compute the correction to the Lagrange multipliers f in the inner loop (see [2, Eqs. (62)–(74)]). The DLM
method uses a conjugate gradient iteration for both, the inner and the outer loop. Note that in this inner/
outer loop, one needs to solve one linear system for the ﬂuid velocity and one linear system for the restriction of f over each of the particle domains X2;i at each iteration step. It is precisely at this step where the
present technique diﬀers most signiﬁcantly from the DLM method. By using a globally rather than a locally
deﬁned Lagrange multiplier and enforcing the constraint given by Eq. (6) with a properly weighted inner
product, it avoids the need to solve the linear systems over each of the particles. Instead, it solves just one
linear system for the globally deﬁned Lagrange multiplier, whose size is equal to the size of the ﬂuid velocity
system solved in the outer iteration of DLM. The savings in CPU time of the present procedure clearly
grow linearly with the number of particles. The memory for the storage of one extra global vector is usually
less than the memory for the storage of the additional connectivity tables and matrices for the Lagrange
multipliers of the DLM method (even for the case of one particle). Note that the matrices of the problem
for the global Lagrange multiplier in the present procedure are the same as the matrices of the problem that
deﬁnes the ﬂuid velocity.
The new ﬁctitious domain formulation and its numerical discretization are presented in the next two
subsections.
2.3. A new ﬁctitious domain formulation
For the derivation of the new formulation, it is more convenient ﬁrst to deﬁne a velocity ﬁeld u2 ðx; tÞ
which is continuous within the region occupied by any given particle, and zero in X1 . Clearly, u2 2 L2 ðXÞ,
and u2 ðx; tÞjXi ¼ Ui ðtÞ þ xi ðtÞ  ðx  Xi ðtÞÞ. The momentum equation for the restriction of u2 on X2;i , u2;i ,
can be written in the following integral form:
d
dt

Z

q2;i u2 dX ¼
X2;i

Z
X2;i

ðq2;i  q1 Þg dX þ

Z
^1 ni ds
r
oX2;i

ð8Þ
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with ni being the outward normal to the surface of the ith particle. The last term in this equation represents
the total hydrodynamic force acting on the surface of the ith particle. Let us denote by r1 the continuous
^1 over the entire domain X. Such an extension can always be constructed and this is
extension of the stress r
the basis for the diﬀerent ﬁctitious domain methods that are proposed in the literature. Then using the
divergence theorem we can rewrite Eq. (8) in the following form:
Z
Z
Z
D
ðq2;i u2 Þ dX ¼
ðq2;i  q1 Þg dX þ
r  r1 dX:
ð9Þ
X2;i Dt
X2;i
X2;i
A natural way to extend the stress tensor in X2;i is to assume that it is Newtonian and extend the velocity
ﬁeld ^
u1 to u1 such that u1 jX1 ¼ ^
u1 , the pressure to some p1 such that p1 jX1 ¼ p^1 , and write r  r1 ¼ rp1 þ
l1 r2 u1 . Then, Eq. (9) can be rewritten as
Z
Z
Z


D
ðq2;i u2;i Þ dX ¼
 rp1 þ l1 r2 u1 dX:
ð10Þ
ðq2;i  q1 Þg dX þ
Dt
X2;i
X2;i
X2;i
Now if we adopt the notation

1
q1 Du
þ l1 r2 u1  rp1
Dt
F¼
0

in X2;i ; i ¼ 1; . . . ; n;
in X1

the equation for the ith particle momentum becomes
Z
Z
D
ðq2;i u2  q1 u1 Þ dX ¼
½ðq2;i  q1 Þg þ F dX:
X2;i Dt
X2;i

ð11Þ

ð12Þ

Because of Eq. (11), we can now extend the momentum equation (1) to the entire X as
q1

Du1
¼ rp1 þ l1 r2 u1  F;
Dt

r  u1 ¼ 0

in X:

ð13Þ

The additional force per unit volume F in this equation can be interpreted as the interaction force between
the two phases. As discussed by Glowinski et al. [2] it enforces the rigid body motion onto the ﬂuid velocity
ﬁeld within each of the particles. If we impose this additional constraint onto u1 , i.e.,
u1 ¼ u2

ð14Þ

in X2;i

then momentum equation for the ith particle, Eq. (12), can be written as
Z
Z
D
½ðq2;i  q1 Þu2  dX ¼
½ðq2;i  q1 Þg þ F dX:
X2;i Dt
X2;i

ð15Þ

Now we recall that u2 is a rigid body velocity ﬁeld, i.e., u2 ðx; tÞjXi ¼ Ui ðtÞ þ xi ðtÞ  ðx  Xi ðtÞÞ. Then Eq.
(15) implies the following equation for Ui
Z
dUi
¼ DMi g þ
DMi
F dX;
ð16Þ
dt
X2;i
R
where DMi ¼ X2;i ðq2;i  q1 Þ dX. The angular velocity xi can be recovered from the no-slip boundary condition on the surface of the ith particle. It reads
Ui ðtÞ þ xi ðtÞ  ðx  Xi ðtÞÞ ¼ u1

on oX2;i :
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Then clearly
Z
Z
ðxi ðtÞ  ðx  Xi ðtÞÞ  n ds ¼
oX2;i

ðu1  Ui ðtÞÞ  n ds

oX2;i

which yields, using the Stokes theorem, that
Z
xi ðtÞVXi ¼ 0:5
r  ðu1  Ui ðtÞÞ dX;
X2;i

where VXi is the volume of the ith particle. Finally, the strong formulation of the present version of the
ﬁctitious domain method is given by
q1

Du1
¼ rp1 þ l1 r2 u1  F;
Dt

dUi
¼ DMi g þ
DMi
dt
xi ðtÞVXi ¼ 0:5

Z

Z
F dX;

r  u1 ¼ 0

ð17Þ

in X;

i ¼ 1; . . . ; n;

ð18Þ

X2;i

r  ðu1  Ui ðtÞÞ dX;

i ¼ 1; . . . ; n;

ð19Þ

X2;i

Ui ðtÞ þ xi ðtÞ  ðx  Xi ðtÞÞ ¼ u1

in X2;i ;

i ¼ 1; . . . ; n:

ð20Þ

From this set of equations, it is clear that F is a term that enforces the constraint given by Eq. (20) onto u1
and u2 . It is non-zero only within the domain occupied by the particles and therefore it is closely related to
the distributed Lagrange multiplier of Glowinski et al. [2]. However, its impact on the ﬂuid velocity ﬁeld is
global, over the entire domain, due to Eq. (17). This led us to the idea to deﬁne another, global Lagrange
multiplier, k, which is related to F through the following boundary value problem
 ak þ l1 r2 k ¼ F
k¼0

in X;

ð21Þ

on C;

where a > 0 is a constant to be deﬁned later. This is a well-posed problem for F 2 L2 , and it is more convenient to use its unique solution to impose the constraint of Eq. (20). The beneﬁt of using it, is that it has the
same regularity as u1 and therefore they can be discretized on the same grid (i.e., discretization space). With
this deﬁnition of k and a proper choice for a, as it will become clear in the following section, we can signiﬁcantly decrease the computational expenses for the iterative solution of the system of equations (17)–(20).
Substituting F from Eq. (21) into Eqs. (17)–(20) we obtain the following system which will be used
further to compute u1 , Ui and xi
q1

Du1
¼ rp1 þ l1 r2 u1 þ ak  l1 r2 k;
Dt

DMi

dUi
¼ DMi g 
dt

VXi xi ¼ 0:5

Z
X2;i

Z

ak dX  l1

X2;i

r  ðu1  Ui Þ dX;

Z
oX2;i

r  u1 ¼ 0
ok
ds;
on

i ¼ 1; . . . ; n;

in X;

ð22Þ

i ¼ 1; . . . ; n;

ð23Þ

ð24Þ
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Ui ðtÞ þ xi ðtÞ  ðx  Xi ðtÞÞ ¼ u1

in X2;i ;

i ¼ 1; . . . ; n:
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ð25Þ

Note that in the second equation we have integrated r2 k by parts. Note also that this choice for k is similar
to the choice of Lagrange multiplier in [2] if the inner product for imposition of the rigid body constraint is
chosen to be the H1 inner product. In the present case, however, k is deﬁned over the entire computational
domain while in [2] it is deﬁned only locally, within the areas occupied by the particles. The global Lagrange
multiplier will allow for a change in the ﬁctitious domain method as proposed in [1,2], which generally
increases the eﬃciency of the method and simpliﬁes it (see the following section).
In addition to the system of equations (22)–(25) we also need to solve an equation for the position of the
center of mass of each particle which reads
oXi
¼ Ui ;
ot

i ¼ 1; . . . ; n:

Remark 1. An idea for using the ﬂuid velocity grid points inside the particles together with surface control
points for imposition of the rigid body motion is given in [1, Remark 6.4]. The suggestion there is to use
Dirac d-functions to span the Lagrange multipliers inside the particles.
Remark 2. Remark 7.3 of [1] suggests to compute the particles centroidal and angular velocities in a way
similar to the one suggested above.
2.4. Discretization procedure
We discretize the system of equations (22)–(25) using a ﬁnite element procedure although ﬁnite diﬀerence
or ﬁnite volume based procedures can also be used. Note that only Eqs. (22) and (25) require weak formulations. Eqs. (23) and (24) are an ordinary diﬀerential and an algebraic equation. The overall problem is
in fact a Navier–Stokes problem with an additional constraint given by Eq. (25), and therefore we chose to
discretize it with a projection scheme (for u1 and p1 ) combined with an additional iteration for the imposition of the rigid body constraint. The scheme is derived from the (formally) second order in time characteristic/projection scheme described in [8]. In space we used P2  P1 ﬁnite elements which resulted in a
formally second order spatial discretization for the velocity. The algorithm can be summarized in the
following four steps.
2.4.1. Substep 1 (advection)
The advective part of the system is integrated with the method of characteristics [8]. If x is an approximation of the foot of the characteristic originating at x then the advected velocity is given by
n1
~
un1 ðxÞ ¼ un1 ðxÞ; ~
un1
1 ðxÞ ¼ u1 ðxÞ. x is usually approximated with an Euler explicit scheme [8].
The center of mass of the ith particle is predicted explicitly as
Xip;nþ1 ¼ Xin1 þ 2dtUni ;

ð26Þ

where dt is the time step.
2.4.2. Substep 2 (diﬀusion)
If we set s0 ¼ 3=ð2dtÞ, s1 ¼ 2=dt, s2 ¼ 1=ð2dtÞ, then this substep can be written as
n
q1 s0 u1  l1 r2 u1 ¼ q1 ðs1 ~
un1  s2 ~
un1
1 Þ  rp
u1 ¼ 0 on C:

in X;

ð27Þ
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2.4.3. Substep 3 (incompressibility)


 nþ1


s0 u
 p1n in X;
1  u1 ¼ r p1
in X;
r  u
1 ¼ 0

u1  n ¼ 0 on C;

ð28Þ

where n being the outward normal to C.
2.4.4. Substep 4 (rigid body constraint)
The rigid body motion is imposed iteratively using the following iteration. Let us ﬁrst set the 0th apnþ1
proximation for knþ1 , unþ1
, xinþ1 and unþ1
as
1 , Ui
2
k0;nþ1 ¼ 0;
u10;nþ1 ¼ u
1 ;
s0 Ui0;nþ1 ¼ s1 Uni  s2 Uin1 þ g;
Z
0;nþ1
VXi xi
¼ 0:5
r  u10;nþ1 dX;
Xi



u20;nþ1 ¼ Ui0;nþ1 þ x0;nþ1  x  Xip;nþ1 :
We also need to set k1;nþ1 ¼ kn . If we denote the diﬀerence between two subsequent iterations for a quantity
Q by dQ, i.e., dQkþ1 ¼ Qkþ1  Qk then the subsequent iterates are computed for k P 0 by

ðq1 s0 I  l1 r2 Þdu1kþ1;nþ1 ¼ ð aI  l1 r2 Þdkkþ1;nþ1 in X;
ð29Þ
du1kþ1;nþ1 ¼ 0 on C;
8
R
R
kþ1;nþ1
>
DMi s0 dUikþ1;nþ1 ¼  X2;i adkkþ1;nþ1 dX þ l1 oX2;i odk on ds; i ¼ 1; . . . ; n;
>
>
>
>
< V xkþ1;nþ1 ¼ 0:5 R r  ukþ1;nþ1 dX; i ¼ 1; . . . ; n;
Xi i
1
Xi


kþ1;nþ1
kþ1;nþ1
>
kþ1;nþ1
>
¼
U
þ
x
 x  Xip;nþ1
u
in X2;i ; i ¼ 1; . . . ; n;
>
i
2
i
>
>
: kþ1;nþ1
u2
¼ 0 in X1

8


q1
>
1
þ
ð aI  l1 r2 Þdkkþ2;nþ1 ¼ ð q1 s0 I  l1 r2 Þ u1kþ1;nþ1  u2kþ1;nþ1
>
q2;i q1
>
<

1
ð aI  l1 r2 Þdkkþ2;nþ1 ¼ 0 in X1 ;
1 þ q2;iqq
>
1
>
>
: kþ2;nþ1
¼ 0 on C;
dk

ð30Þ

in X2;i ; i ¼ 1; . . . ; n;

ð31Þ
where I is the identity operator. Note that in the last set of equations which determines the increment
of k, we used the fact that u2 is a rigid body velocity ﬁeld inside each particle and therefore r2 u2 ¼ 0 in
X2;i .
Upon convergence for some k ¼ N we set u1nþ1 ¼ u1N þ1;nþ1 , Unþ1
¼ UiN þ1;nþ1 , xnþ1 ¼ xN þ1;nþ1 , knþ1 ¼
i
N þ1;nþ1
k
. The equation of the center of mass of the particles is solved with a second order predictor–corrector procedure, the predictor being given by Eq. (26), and the corrector being given by


Xnþ1
¼ Xn þ 0:5dt Uinþ1 þ Uni :
i

ð32Þ
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Similarly to the iteration in [2], instead of the present (Richardson) iteration we can also adopt a conjugate
gradient type of iterative algorithm for imposition of the rigid body constraint. The numerical tests show
that only few iterations per time step of the present procedure are necessary to obtain very reasonable
results.
Note that in the above splitting algorithm only Eqs. (27)–(29) and (31) constitute boundary value
problems for PDEs and in order to discretize them with ﬁnite elements we need to derive proper weak
formulations. As it is usual for ﬁnite element projection schemes (see [9]) we choose u1 to be in H10 ðXÞ and p1
1
to be in H1 ðXÞ. The ﬁnal velocity of Substep 3, u
1 , is also projected onto H0 ðXÞ as discussed in [9]. Since the
Lagrange multiplier k is a solution to a boundary value problem similar to the problem for u1 , it is naturally
chosen to be in H10 ðXÞ. Actually it plays the role of a correction to both, the ﬂuid and particle velocities. Of
course, this correction will increase the divergence of the ﬂuid ﬁeld and in order to control better the divergence of this correction one may decompose the interaction force F into a divergence free part, k, and a
curl free part, rp2 , and deﬁne both to be a solution of a Stokes-like problem. This would require to do one
projection step for the additional pressure p2 at each iteration for imposition of the rigid body motion. The
present algorithm seems to be reasonably stable as it is, and therefore we did not try this more expensive
alternative. Note that the DLM method has the same problem with the enforcement of the incompressibility constraint since the incompressible velocity ﬁeld produced at its ﬁrst substep (unþ1=3 in the notations
of [2]) loses its incompressibility in the subsequent substeps of the spitting. The ﬁnal ﬁeld of this method
(unþ1 in the notations of [2]) is not incompressible but the incompressibility can also be enforced in the way
suggested above. In fact, the linear system for the ﬂuid velocity that arises from the ﬁctitious domain
approach can be written in the form
2
32 nþ1 3 2 3
f
u
A LT KT
4L 0
0 54 pnþ1 5 ¼ 4 0 5;
0
knþ1
K 0
0
where A is the total velocity matrix (a linear combination of the mass and stiﬀness matrices), L is the divergence matrix and K is the coupling matrix between the ﬂuid velocity and the Lagrange multiplier k (in
the present method it reduces to the velocity mass matrix). This problem can be considered as an extended
Stokes problem, and it can be resolved with a preconditioned inner/outer iteration similar to the one used to
solve the Stokes problem alone (Uzawa iteration). The preconditioner for the pressure equations can be
chosen to be a Laplace operator with homogeneous Neumann boundary conditions. The preconditioner for
the equations for knþ1 is given by Eq. (31). As a result of such an iteration both, the incompressibility and
the rigid body constraints will be imposed very strictly but it will require the solution of one pressure
Poisson problem and one problem of type of Eq. (31) in the inner step, and one problem involving the total
matrix A in the outer step. This is an expensive procedure and the numerical results indicated that the
present splitting/iterative procedure produces very accurate results and it is reasonably stable. If the stability becomes a problem, it is recommendable that the pressure pnþ1 is corrected once more after Substep 4,
repeating Substep 3.
The weak formulations of Eqs. (27) and (28) are given by
Find u1 2 H10 ðXÞ such that
Z
Z
Z


q1 s0 u1 v þ l1 ru1 rv dX ¼  q1 ðs1 ~
un1 : þ s2 ~u1n1 Þv dX þ p1n r  v dX
X

X

Find p1nþ1 2 H1 ðXÞ such that
Z
Z
 nþ1

n
r p1  p1 rq dX ¼ s0 q1 u1 rq dX
X

X

8v 2 H10 ðXÞ:

ð33Þ

X

8q 2 H1 ðXÞ:

ð34Þ
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1
Find u
1 2 H0 ðXÞ such that
Z
Z



q1 s0 u
p1nþ1 r  v dX

u
v
dX
¼
1
1
X

8v 2 H10 ðXÞ:

ð35Þ

X

As discussed in [9] the last step can be eliminated but it usually reduces the divergence of the so computed velocity ﬁeld. In the present context, since we do not control the divergence of the iterative correction
k, it is advisable to solve Eq. (35). Before we give the weak formulation of Eq. (31) we note that if we choose
a ¼ q1 s0 the problem described by Eq. (29) can easily be resolved and the solution is
u1kþ1;nþ1 ¼ u1k;nþ1 þ ðkkþ1;nþ1  kk;nþ1 Þ:
Thus, this choice for a is very natural. Moreover, this choice yields an inner product for imposition of the
rigid body motion which is a compromise between the H1 and the L2 inner products, and given by
q1 s0 ð; Þ0 þ l1 ðr; rÞ0 where ð; Þ0 denotes the usual L2 inner product. It recovers the L2 inner product in
the limit dt ! 0. It is precisely this trick, that makes the present algorithm more eﬃcient compared to the
DLM method (including the stress formulation of the DLM method presented in [10]). Instead of solving
one global problem for the extended velocity u1 [2, Eq. (62)] and one local problem per particle [2, Eq. (65)],
in the present case it is necessary to solve only one global problem for k (Eq. (36) below) at each iteration
step for imposition of the rigid body constraint. The numerical results with the DLM version presented in
[6] and the present method seem to indicate that this choice for a also accelerates the convergence of this
iteration.
Finally, the weak formulation of Eq. (31) is given by
Find kkþ2;nþ1 2 H10 ðXÞ such that
Z 




q1
1þ
q1 s0 dkkþ2;nþ1 v þ l1 rdkkþ2;nþ1 rv dX
q

q
X
2;i
1
n Z
n Z
X
X




q1 s0 u1kþ1;nþ1  u2kþ1;nþ1 v 
l1 r ukþ1;nþ1
¼
 ukþ1;nþ1
rv dX
1
2
X2;i

i¼1

þ l1

n Z
X
i¼1

i¼1



nr u1kþ1;nþ1  u2kþ1;nþ1 v ds

X2;i

8v 2 H10 ðXÞ:

ð36Þ

oX2;i

The surface integral in the right-hand side is a result of the integration by parts of the Laplacian over each
of the particles. The numerical experience shows that this integral as well as the surface integral in the ﬁrst
equation of (30) are usually very small and do not seem to alter signiﬁcantly the results in case of spherical
particles. Therefore, they are not taken into account in the results of Section 3.
The formulation given by Eqs. (33)–(36) are discretized by means of P2  P1 ﬁnite elements using P2
interpolation for the velocity and k and P1 interpolation for the pressure. The grid is a ﬁxed tetrahedral
Eulerian grid that discretizes X. The resulting linear systems are solved by means of a parallel version of the
conjugate gradients method. To complete the discussion on the numerical algorithm, we need to specify the
quadrature rule that is used to compute the integrals in these formulations. These are of course a Gauss
type quadratures that insure the exactness of the integration. Only the integrals in the right hand side of Eq.
(36) can cause some troubles since the domain of integration is not (in general) exactly covered with ﬁnite
elements. In case that the surface of the particle intersects the interior of a given element we adjusted the
Gaussian integration weights of the Gauss points inside the particle so that their sum is equal to one. This is
a simple procedure that is not exact anymore but makes the corresponding quadrature consistent. More
sophisticated solutions like adaptive integration procedures [11] can also be used but this simple ﬁx seems to
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work well on reasonably ﬁne grids (see the next section). The ultimate solution of this problem is to
subdivide the elements intersected by the boundaries of the particles into tetrahedra, so that the particle
boundary is covered entirely with faces of these tetrahedra, and then integrate over this locally reﬁned grid.
This subdivision problem is relatively easy to perform algorithmically since the particle shape is known.
Moreover, it does not require a lot of computational resources. We are presently working on the implementation of this approach.
2.5. Collision strategy
For handling more than one particle a collision treatment mechanism has to be added to prevent particles from interpenetrating each other. To avoid this overlapping a repulsive force was added to Eq. (16).
Two diﬀerent repulsive forces were tried. The ﬁrst one was of the form suggested by Glowinski et al. [1],
where a short-range repulsion force between particles that are near contact is introduced. For two given
particles i and j the force is calculated as:
FR ¼

ci;j ðdi;j  Ri  Rj  qÞ Gi Gj
;
q

di;j

ð37Þ

where ci;j is a scaling factor,  is a small positive number, di;j is the distance between the center of the two
particles, Ri ; Rj are the radius of the the particles, q is the range of the repulsion force and Gi , Gj are the
center of mass of both particles. In this approach, the choice of the scaling and stiﬀness parameters (ci;j and
) is very important, and in general, the ideal values of these parameters may vary. Therefore, we considered
the following, nonparametric approach. We ﬁrst check if the separation distance between the particles is
larger than a given threshold value calculated as a function of the particles radius and the mesh resolution.
If the distance is less than this value then the repulsive force is calculated iteratively so that both particles
move along the line that passes through the center of mass of both particles and that the minimum distance
is still maintained.
The algorithm can be summarized as follows (see also Fig. 1):
1. Estimate the particleÕs position Xi with the velocity calculated from Eq. (32).
2. Calculate the separation distance between particles and detect possible collisions:
si;j ¼ jXi  Xj j  ðRi þ Rj Þ;

ð38Þ

where si;j is the separation distance between two spherical particles i, j, Xi and Xj are the centroidal
coordinates of the ith and jth particles and Ri and Rj are their radii.
3. Update the particles positions. If si;j is less than a minimum separation distance (the maximum allowed
thickness of the ﬁlm between any two particles)  then the ith (respectively, jth) particle is moved away
at a distance Dri ¼ ðMj ð  si;j ÞÞ=ðMi þ Mj Þ (respectively Drj ¼ ðMi ð  si;j ÞÞ=ðMi þ Mj Þ), alongside the line
connecting the centroids.
4. Step 3 is equivalent to a correction of the velocity of the ith particle given by
DUi ¼

Dri
:
dt

ð39Þ

This correction is added to the particleÕs velocity. On the other hand, this correction is equivalent to
adding of an additional force to the particle momentum equation.
In order to impose that the ﬂuid velocity in the region occupied by the particles is equal to the new
particle velocity we need to perform again Substep 4 of the splitting algorithm above and continue iteratively until both, the rigid body constraint and the minimum separation distance criteria are met. However,
if we choose  to be small, one iteration of this algorithm is enough to impose them with a reasonable
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Fig. 1. Two particles near collision.

accuracy. Note that the maximum ﬁlm thickness should be of the order of the mesh size in this area because
otherwise the accuracy of the velocity in the ﬁlm is doubtful. Also, this collision prevention mechanism
works well only in the case of spherical particles and needs proper generalization for other particle shapes.
It is well known that before two particles touch each other, the thin ﬁlm formed between them should
drain completely. This is a physical phenomenon of a (time and spatial) scale diﬀerent from the scale of the
macromotion described by the momentum equations given above. Therefore, a more careful approach
would require the development of a separate model for the ﬁlm drainage and the incorporation of this
model into the macromodel considered in this paper.

3. Numerical results
3.1. A performance test
The eﬃciency of the present algorithm (A1) was compared to the eﬃciency of the algorithm described in
[6] (A2) on a test case for the sedimentation of several solid particles. As it has been already mentioned, A2
is a second order version of the DLM method proposed in [2]. Both codes were tested on a single processor
Pentium 4 machine. The parametric setting was kept the same for both algorithms (Re ¼ 41 and Fr ¼ 0:3),
and the mesh contained 179,401 nodes, 120,000 elements. The only diﬀerence between the test cases was the
number of solid spheres which was set to 2, 4 and 6 correspondingly. The two codes had the same stopping
criterion for the iteration which imposes the rigid body motion and for the conjugate gradient linear solver.
The rigid body iteration was accepted as satisfactory converged if the maximum ratio of the correction to
the particle velocity and the particle velocity itself was less then 1%. After the initial two steps when it
required many steps to converge, the algorithm A2 needed ﬁve rigid body iterations per time step, independently of the number of spheres. Within each such iteration it needed to invert the linear system for the
ﬂuid velocity which required, at the average, slightly more than nine (conjugate gradient) iterations for each
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component of the velocity. For the same problem, the present algorithm (A1) converged within one rigid
body iteration per time step. The number of (conjugate gradient) iterations for each component of the
velocity was between seven and eight (with the same stopping criterion). Taking into account that the
algorithm A2 requires, in addition to the solution of the system for the ﬂuid velocity (which is also solved
by A1), to solve also one (relatively) small linear system for the Lagrange multiplier in each particle, it is
clear that the present algorithm is faster. Moreover, the saving in CPU time increases with the number of
spheres involved. The decrease in the number of rigid body iterations should be attributed to the inner
product used to impose the rigid body constraint in the present case.
Since it is natural to think that the decrease in the number of iterations would lead to loss of accuracy,
the accuracy of the method was further tested on three problems for which either experimental data is
available or which have a well-known solution.
3.2. Case 1: single particle sedimentation
The ﬁrst benchmark problem was the sedimentation of a single particle in a Newtonian liquid. Mordant
et al. [12] provide extensive experimental data for this ﬂow at a variety of Reynolds numbers and density
ratios. Fig. 2 shows the results obtained for a sphere of radius ¼ 0.5 settling in a rectangular channel with
Re ¼ 41 and Fr ¼ 1:12. The channel width is four times the diameter of the sphere. The Eulerian mesh has
179,401 nodes and 120,000 elements. The time step is set to 0.01. The particle accelerates immediately after
it is released but eventually reaches an approximately constant (terminal) sedimentation velocity when the
gravity is balanced by the drag force. In Fig. 3 the velocity obtained with the present method is compared to

Fig. 2. Particle falling under gravity. Re ¼ 41, Fr ¼ 1:12.
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Fig. 3. Particle falling under gravity, comparison of experimental and numerical results. Vertical velocity vs. time.

that obtained with our (second order in time and space) implementation of the DLM method, and to the
experimental measurement of Mordant et al. [12]. The latter authors experimentally studied the motion of a
solid sphere settling under gravity in a ﬂuid at rest. All their curves collapsed onto a single exponential
curve given by


vexp
3t
¼ 1  exp 
;
s95
VTerminal
where vexp is the vertical velocity of the particle, VTerminal is the terminal velocity, t is the time, and s95 is the
time it takes the particle to reach 95% of the terminal speed. The shape of the present curve matches closely
the one produced with the equation proposed by Mordant [12] and the one in [6]. For this comparison the
code presented in [6] used an auxiliary mesh for the sphere with 76 nodes and 226 elements. The mesh and
time step used by both codes were the same. Fig. 4 shows the streamlines for the case of a sphere settling at
a higher Reynolds number (Re ¼ 118:0 and Fr ¼ 0:1). At this Reynolds number a pair of vortices can be
clearly seen behind the sphere.
3.3. Case 2: particle in a rotating cylinder
In order to test the angular velocity computation, simulations were carried out for the case of a neutrally
buoyant spherical particle inside a cylinder of a radius 2 and and a height 4. The mesh in this case contained
63,679 nodes and 44,362 elements, and the time step was dt ¼ 0:01. At the beginning of the simulation the
ﬂuid was at rest. The boundary condition at the wall of the cylinder imposes a rotation with an angular
velocity Xz ¼ 0:01. The steady solution to this problem (at least at low Reynolds numbers) is a rigid body
rotation inside the entire cylinder (including the particle) with an angular velocity Xz ¼ 0:01. Fig. 5 shows
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Fig. 4. Particle falling under gravity. Re ¼ 118, Fr ¼ 0:10.

the rotating cylinder and the evolution of the sphereÕs angular velocity with time. The angular velocity
increases until it almost matches that of the wall. The diﬀerence between the angular velocities (of the
sphere and the wall) can be attributed to the mesh resolution.

120

C. Diaz-Goano et al. / Journal of Computational Physics 192 (2003) 105–123

Fig. 5. (a) Sphere in a rotating cylinder. (b) Angular velocity vs. time (dimensionless).

3.4. Case 3: particle–particle interactions
To test the collision prevention mechanism, simulations were conducted using a mesh of 306,231 nodes
and 205,800 elements and two spherical particles of an equal size. The Reynolds number was set to 67. The
density ratio was q2;i =q1 ¼ 9:44. Initially both, the liquid and the particles were at rest. No-slip conditions
were prescribed on all the walls. Both spheres had a radius of 0.4. Their initial positions were ð0:0; 6:0; 0:0Þ
and ð0:0; 5:0; 0:0Þ, respectively.
Fig. 6 shows diﬀerent frames captured with a high speed camera in our laboratory, the conditions of the
experiment being similar to the conditions of the numerical simulation. Fig. 7 shows the results of our
numerical simulations as described before. In both cases, the upper sphere initially settles slower than the
bottom sphere. After a while, the velocity of this upper sphere increases and it starts catching the leading
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Fig. 6. Two spheres settling under gravity. Experimental results.

sphere. This is caused by the reduced drag that the upper sphere experiences when it enters the leading
sphereÕs wake. The two spheres then kiss and continue dropping together. This new conﬁguration is unstable and the pair tumbles. The spheres start to separate until a stable distance is achieved. Finally the two
spheres fall side by side. Qualitatively, the result of the numerical simulation clearly matches the experimental results.

4. Conclusions
The method proposed in the present paper is a ﬁctitious domain Eulerian method for direct simulation
of particulate ﬂows. The main advantages in comparison to other methods of the same type (in particular
the method that we used as a starting point for the present study, proposed by Glowinski et al. [1]) are that:
1. It deﬁnes a global Lagrange multiplier, k, whose physical meaning is of an additional velocity ﬁeld that
imposes the rigid body motion. This allows us to completely eliminate the Lagrangian grids used by [1] to
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Fig. 7. Two spheres settling under gravity t ¼ 0:05,0.20, 0.40, 0.80, 1.0, 1.15 (dimensionless).
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discretize the distributed Lagrange multipliers in their case. This allows for the use of basically only one
solver on relatively regular grids which facilitates the parallel implementation of the method.
2. The global Lagrange multiplier, together with a proper choice for the inner product that is used to impose the rigid body constraint allows to avoid the need to solve the linear system for computing the distributed Lagrange multipliers in each particle. Although this system is not large, it eventually is to be
solved on each iteration of step of Substep 4 of the algorithm above. If the ﬂow contains many particles,
the savings can be signiﬁcant.
3. The present algorithm employs a second order in time, incremental projection scheme for the resolution
of the generalized Stokes problem which, as our numerical experience shows, performs signiﬁcantly better than a ﬁrst order scheme for almost the same expenses. The spatial discretization is also second order
accurate for the velocity and the Lagrange multiplier and ﬁrst order accurate for the pressure.
In addition to these advantages, this method retains all the advantages of the DLM method proposed by
Glowinski et al. [1] (see the conclusions of this paper).
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